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SEMI-ALGEBRAIC SETS OF f-VECTORS
HANNAH SJO¨BERG AND GU¨NTER M. ZIEGLER
Abstract. Polytope theory has produced a great number of remarkably simple and complete
characterization results for face-number sets or f -vector sets of classes of polytopes. We observe
that in most cases these sets can be described as the intersection of a semi-algebraic set with
an integer lattice. Such semi-algebraic sets of lattice points have not received much attention,
which is surprising in view of a close connection to Hilbert’s Tenth problem, which deals with
their projections.
We develop proof techniques in order to show that, despite the observations above, some
f -vector sets are not semi-algebraic sets of lattice points. This is then proved for the set of all
pairs (f1, f2) of 4-dimensional polytopes, the set of all f -vectors of simplicial d-polytopes for
d ≥ 6, and the set of all f -vectors of general d-polytopes for d ≥ 6. For the f -vector set of all
4-polytopes this remains open.
1. Introduction
For any d ≥ 1, let Fd ⊂ Zd denote the set of all f -vectors (f0, f1, . . . , fd−1) of d-dimensional
polytopes. Thus F1 = {2} ⊂ Z and F2 = {(n, n) : n ≥ 3} ⊂ Z2. In 1906, Steinitz [23]
characterized the set F3 of f -vectors (f0, f1, f2) of 3-dimensional polytopes P as
F3 = {(f0, f1, f2) ∈ Z3 : f0 − f1 + f2 = 2, f2 ≤ 2f0 − 4, f0 ≤ 2f2 − 4}.
Thus for d ≤ 3 the set Fd ⊂ Zd has a very simple structure: It is the set of all integer points in
a (d− 1)-dimensional rational cone.
Inspired by this, Gru¨nbaum in 1967 [12, Sec. 10.4] and subsequently Barnette and Reay
characterized the sets Πij(F4) of all pairs (fi, fj) that occur for 4-dimensional polytopes. Again
they got complete and reasonably simple answers: They found that in all cases this is the set
of all integer points between some fairly obvious upper and lower bounds, with finitely many
exceptions.
In our work here we start with a formal definition of what we mean by a “simple answer”:
Definition 1.1 (Semi-algebraic sets of integer points). A set of A ⊂ Zd is a semi-algebraic set
of integer points if it is the set of all integer points in a semi-algebraic set, that is, if A = S ∩Zd
for some semi-algebraic set S ⊆ Rd.
For this recall that a basic semi-algebraic set is a subset S ⊆ Rd that can be defined by a
finite number of polynomial equations and inequalities. A semi-algebraic set is any finite union
of basic semi-algebraic sets. The semi-algebraic set is defined over Z if the polynomials can be
chosen with integral coefficients. In this case we will call this a Z-semi-algebraic set. See Basu,
Pollack & Roy [3] for background on semi-algebraic sets.
It turns out that Definition 1.1 is not quite general enough for f -vector theory, as we need
to account for modularity constraints that may arise due to projections. For example, A :=
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2 SJO¨BERG AND ZIEGLER
{(x, y) ∈ Z2 : x = 2y} is a semi-algebraic set of integer points, but its projection to the first
coordinate Π1(A) = 2Z is not if we insist that the lattice is Z. This is relevant for f -vector sets,
as for example every simplicial 3-polytope satisfies 3f2 = 2f1, so f2 is even and f1 is a multiple
of 3. Consequently Π2(F3s ) = {4, 6, 8, . . . }, the set of all possible facet numbers of simplicial
3-polytopes, is not a semi-algebraic set of integer points, but it is a semi-algebraic set of lattice
points:
Definition 1.2 (Semi-algebraic sets of lattice points). A subset A ⊂ Rd is a semi-algebraic set
of lattice points if it is an intersection set of a semi-algebraic set with an affine lattice, that is, if
A = S ∩ Λ for a suitable semi-algebraic set S ⊆ Rd and an affine lattice Λ ⊂ Rd.
Here by an affine lattice we mean any translate of a linear lattice, that is, a discrete subset
Λ ⊂ Rd that is closed under taking affine combinations λ1a1 + · · · + λnan for n ≥ 1 with
λ1, . . . , λn ∈ Z and λ1 + · · ·+ λn = 1. We will only consider integer lattices, that is, sublattices
Λ ⊆ Zd. Moreover, without loss of generality we may always assume that the lattice is the affine
lattice Λ = affZA spanned by A: The set of all affine combinations yields a lattice if A ⊂ Zd,
and the lattice Λ has to contain affZA.
With the generality of Definition 1.2, a great number of characterization results achieved in
the f -vector theory of polytopes imply that full f -vector sets or coordinate projections (that
is, single face numbers or face number pairs) are semi-algebraic sets of lattice points. We will
summarize this in Section 2.
Semi-algebraic sets of lattice points A ⊂ Zd are easy to identify and to characterize for d = 1;
see the beginning of Section 3. However, already for sets in the plane A ⊂ Z2 this becomes non-
trivial. For example, the answer depends on the field of definition: The set {(x, y) ∈ Z2 : y ≥ pix}
is an R-semi-algebraic set of integer points, but not a Z-semi-algebraic set of lattice points.
Our two main results are the following:
Theorem 1.3. The set Π12(F4) of pairs (f1, f2) for 4-dimensional polytopes is not an R-semi-
algebraic set of lattice points.
Theorem 1.4. For any d ≥ 6, the set Fd of all f -vectors of d-dimensional polytopes is not an
R-semi-algebraic set of lattice points.
In Section 3 we develop proof techniques, including the “Strip lemma.” Based on this, the
proof of Theorem 1.3 is given in Section 4 and the proof of Theorem 1.4 in Section 5.
Coordinate projections of semi-algebraic sets of lattice points are not in general again semi-
algebraic. Indeed, Matiyasevich’s Theorem [16] (see Davis [10] and Matiyasevich [17]) states
that all recursively enumerable sets of integer points are Diophantine sets. Matiyasevich proved
that every Diophantine set has rank at most 9 (see [14], and most recently Sun [24]), that is, it
is the projection of the integer points of some semi-algebraic set defined over Z with at most 9
additional variables. Thus, in particular, f -vector sets of polytopes, like Fd and Fds for d ≥ 2,
are Diophantine of rank at most 9, since Gru¨nbaum has noted in [12, Sect. 5.5] that such sets
are recursively enumerable.
On the other hand, the semi-algebraic sets of lattice points that we consider in this paper
are more restrictive than Diophantine sets: We are interested in the cases when a set cannot
be described as the set of integer points of a semi-algebraic set (defined over Z or R) without
additional variables. With the proof of Theorem 1.3, we will see that, for example, the set
Π12(F4) can be described using one additional variable (if we allow for inequalities, which is not
usual in the context of Diophantine sets, but equivalent). The same is true for the f -vector set
of simplicial 6-polytopes, F6s .
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In summary, we will show that many f -vector sets are semi-algebraic (Section 2), while some
are not (Theorems 1.3 and 1.4). The crucial question that remains open concerns dimensions 4
and 5:
Open Problem 1. Is the f -vector set of 4-polytopes F4 ⊂ Z4 semi-algebraic?
(The size/fatness projection of F4 displayed and discussed by Brinkmann & Ziegler [9] suggests
that the answer is no.)
Open Problem 2. Is the f -vector set of 5-polytopes F5 ⊂ Z5 semi-algebraic?
We refer to Gru¨nbaum [12, Chap. 8-10] and Ziegler [26, Lect. 8] for general information and
further references on polytopes and their f -vectors. The lattices spanned by f -vector sets, as
well as more general additive (semi-group) structures on them, are discussed in Ziegler [27].
2. Semi-algebraic sets of f-vectors
The following theorem summarizes a great number of works in f -vector theory, started by
Steinitz in 1906 [23] and re-started by Gru¨nbaum in 1967 [12, Chap. 8-10].
Theorem 2.1. The following sets of face numbers, face number pairs, and f -vectors, are Z-
semi-algebraic sets of lattice points:
(i) Fd, the set of f -vectors of d-dimensional polytopes for d ≤ 3,
(ii) Fds and Fds∗, the sets of f -vectors of simplicial and of simple d-dimensional polytopes for
d ≤ 5,
(iii) F3cs, the set of f -vectors of 3-dimensional centrally-symmetric polytopes,
(iv) Πi(Fd), the sets of numbers of i-faces of d-polytopes for all d and i,
(v) Πi(Fds ) and Πi(Fds∗), the sets of numbers of i-faces of simplicial and of simple d-polytopes,
(vi) Π01(F4), Π02(F4), and Π03(F4), sets of face number pairs of 4-polytopes,
(vii) Π01(F5), the set of pairs of “number of vertices and number of edges” for 5-polytopes,
(viii) Π0(Fdcub), the set of vertex numbers of cubical d-polytopes, for d ≤ 4 and for all even
dimensions d,
(ix) Π0(F42s2s), the set of vertex numbers of 2-simplicial 2-simple 4-polytopes, and
(x) Π0,d−1(Fd), the set of pairs of “number of vertices and number of facets” of d-polytopes, for
even dimensions d.
Proof. In each case, the set in question is described as all the integers or integer points that satisfy
a number of polynomial equations, strict inequalities, non-strict inequalities, or inequalities:
(i) This is Steinitz’s result [23], as quoted in the introduction. In this case, the equation and
inequalities are linear. It also includes the information that the f -vector set of simplicial 3-
polytopes is F3s = {(n, 3n− 6, 2n− 4) : n ≥ 4}, which yields the case d = 3 of (ii).
(ii) F4s and F5s can be deduced from the g-Theorem (see Section 5):
F4s ={(f0, f1,−2f0 + 2f1,−f0 + f1) ∈ Z4 : f0 ≥ 5, 4f0 − 10 ≤ f1 ≤ 12f0(f0 − 1)},
F5s ={(f0, f1,−10f0 + 4f1 + 20,−15f0 + 5f1 + 30,−6f0 + 2f1 + 12) ∈ Z5 :
f0 ≥ 6, 5f0 − 15 ≤ f1 ≤ 12f0(f0 − 1)}.
(iii) The f -vector set F3cs of centrally-symmetric 3-polytopes spans the lattice (2Z)3. Werner [25,
Thm. 3.3.6] has described it as
F3cs = {(f0, f1, f2) ∈ (2Z)3 : f0 − f1 + f2 = 2, f2 ≤ 2f0 − 4, f0 ≤ 2f2 − 4, f0 + f2 ≥ 14}.
(iv),(v) Bjo¨rner & Linusson [6] showed that for any integers 0 ≤ i < d there are numbers N(d, i)
and G(d, i) such that there is a simple d-polytope with n > N(d, i) i-faces if and only if n is a
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multiple of G(d, i). Additionally, G(d, i) = 1 for i ≥ ⌊d+12 ⌋. As a consequence the 1-dimensional
coordinate projection of the set of f -vectors of all simple d-polytopes is a semi-algebraic set of
integer points over Z. The same holds for simplicial polytopes, by duality. Here, the number
G(d, i) is equal to 1 for i ≤ ⌊d+12 ⌋ − 1. This also implies that the 1-dimensional projection
sets Πi(Fd) are semi-algebraic sets of integer points for all choices of d and i with the possible
exception of odd d and i = d−12 . In order to show that Πi(F2i+1) is a semi-algebraic set of integer
points, we derive from [6]:
G(2i+ 1, i) =
{
p if i+ 2 = ps for some integer s ≥ 1 and some prime p,
1 otherwise.
Hence, Πi(F2i+1) is a semi-algebraic set of integer points if i + 2 6= ps for all primes p and all
integers s.
Let now i + 2 = ps for some s ≥ 1 and a prime p. Assume that we have a (2i + 1)-polytope
P with a simplex facet such that gcd(fi(P ), p) = 1. Then using the construction of connected
sums by Eckhoff [11] (see also [26, p. 274]) to successively add copies of P , its dual P ∗, simple
and simplicial polytopes, we obtain (2i+ 1)-polytopes with all possible numbers n of i-faces for
all sufficiently large n, that is, for n ≥M(d, i).
To complete our proof, we give a construction of the polytope P . We consider two different
cases. In the first case, let i+ 2 = 2s for some s ≥ 2.
Since G(2i, i) = 1 we can find a simple 2i-polytope R with an odd number of i-faces. From
[6] we get that
G(2i, i− 1) =
{
2 if i+ 2 = 2t for some integer t,
1 otherwise.
Thus R has an even number of (i − 1)-faces. Let Q be the connected sum R#R∗ of R and its
dual. Then fi(Q) = fi(R) + fi(R
∗) = fi(R) + fi−1(R) is odd and Q has a simplex facet.
Let now P be the bipyramid over Q. Then fi(P ) = 2fi−1(Q) + fi(Q) is odd and P has a
simplex facet.
In the second case, i+2 = ps for some integer s ≥ 1 and some odd prime p. Choose a simple 2i-
polytope R with f0(R) ≥ i+1 and gcd(fi(R), p) = 1. Such a polytope R exists since G(2i, i) = 1.
Let P1 be the prism over R and P2 the pyramid over R
∗. Then fi(P1) = fi−1(R) + 2fi(R),
fi(P2) = fi−1(R) + fi(R), P1 is a simple polytope and P2 has f0(R) ≥ i+ 1 simplex facets. Let
P be the connected sum of P2 and i+ 1 copies of P1:
P = (··((P2#P1)#P1)# . . . P1)#P1︸ ︷︷ ︸
i+1
.
The resulting (2i+ 1)-polytope P has a simplex facet and
fi(P ) = fi(P2) + (i+ 1)fi(P1)
= fi−1(R) + fi(R) + (i+ 1)(fi−1(R) + 2fi(R))
= (i+ 2)(fi−1(R) + 2fi(R))− fi(R)
= ps(fi−1(R) + 2fi(R))− fi(R),
which is coprime to p, since fi(R) is coprime to p.
(vi) The 2-dimensional coordinate projections Πij(F4) have been characterized by Gru¨nbaum
[12, Thm. 10.4.1, 10.4.2], Barnette [1], and Barnette & Reay [2]: Π03(F4) consists of all the
integer points between two parabolas, Π01(F4) is the set of all integer points between a line
and a parabola, with four exceptions, and Π02(F4) is the set of all integer points between two
parabolas, except for the integer points on an exceptional parabola, and ten more exceptional
points.
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(vii) The set Π01(F5) was recently determined independently by Kusunoki & Murai [15] and by
Pineda-Villavicencio, Ugon & Yost [20]: It is the set of all integer points between a line and a
parabola, except for the integer points on two lines and three more exceptional points.
(viii) The possible vertex numbers of cubical 3-polytopes are Π0(F3cub) = {8}∪{n ∈ Z : n ≥ 10}.
Blind & Blind [7] proved that the number of vertices f0 as well as of edges f1 are even for every
cubical d-polytope if d ≥ 4 is even. According to Blind & Blind [8, Cor. 1], there are“elementary”
cubical d-polytopes Cdk with 2
d+1−2d−k vertices, for 0 ≤ k < d. (In particular, Cdd−1 has 2d+1−2
vertices.) As the facets of these polytopes are projectively equivalent to standard cubes, we can
glue them in facets (as in Ziegler [27, Sect. 5.2]), and thus obtain all sufficiently large even vertex
numbers. Thus Π0(Fdcub) is a semi-algebraic subset of the lattice 2Z for even d ≥ 4.
(ix) Paffenholz & Werner [19] and Miyata [18] proved that the set of possible numbers of vertices
for 2-simplicial 2-simple 4-polytopes is Π0(F42s2s) = {5} ∪ {n ∈ Z : n ≥ 9}.
(x) For even d and n + m ≥ (3d+1bd/2c) there exists a d-polytope P with n vertices and m facets
if and only if m ≤ fd−1(Cd(n)) and n ≤ fd−1(Cd(m)), where Cd(n) denotes the d-dimensional
cyclic polytope with n vertices [21]. 
3. Proof Techniques
It is easy to see that a subset A ⊆ Z is a semi-algebraic set of integer points if and only if it
consists of a finite set of (possibly unbounded) intervals of integer points. Equivalently, a subset
A ⊆ Z is not a semi-algebraic set of integer points if and only if there is a strictly monotone
(increasing or decreasing) infinite sequence of integers, with a1 < a2 < · · · or a1 > a2 > · · · ,
such that a2i ∈ S and a2i+1 ∈ Z\S.
The same characterization holds for semi-algebraic sets of lattice points A ⊂ R, where affZA
takes over the role of the integers Z.
Examples of subsets of Z that are not R-semi-algebraic sets of lattice points include the set
of squares {n2 : n ∈ Z≥0}, the set {n ∈ Z : n 6≡ 0 mod 3}, and the set {1, 2, 4, 6, 8, 10, . . .}.
For subsets of Z2, or of Zd for d > 2, we do not have – or expect – a complete characterization
of semi-algebraic sets of integer points.
There are some obvious criteria: For example, every finite set of integer points is semi-
algebraic, finite unions of semi-algebraic sets of lattice points with respect to the same lattice are
semi-algebraic, products of semi-algebraic sets of lattice points are semi-algebraic, and so on.
However, these simple general criteria turn out to be of little use for studying the specific sets
of integer points we are interested in. The “finite oscillation” criterion of the one-dimensional
case suggests the following approach for subsets A ⊂ Zd:
Lemma 3.1 (Curve lemma). If there is a semi-algebraic curve Γ that along the curve contains
an infinite sequence of integer points a1, a2, . . . (in this order along the curve) with a2i ∈ Γ ∩ A
and a2i+1 ∈ Γ\A, then A is not a semi-algebraic set of integer points. Similarly, if this holds
with a1, a2, . . . ∈ Λ := affZA, then A is not a semi-algebraic set of lattice points.
However, for our examples the semi-algebraic curves Γ of Lemma 3.1 do not exist. Thus to
show that a 2-dimensional set is not a semi-algebraic set of lattice points we develop a better
criterion: Instead of the “curve lemma” we rely on a “strip lemma,” which in place of single
algebraic curves considers strips generated by disjoint translates of an algebraic curve.
In the following, we refer to Basu, Pollack and Roy [3] for notation and information about
semi-algebraic sets.
Definition 3.2. Let γ0 = {(x, f(x)) : x ≥ 0} ⊂ R2 be a curve, where f(x) is an algebraic
function defined for all x ≥ 0, and let c be a vector in R2. If the translates γt = γ0 + tc for
t ∈ [0, 1] are disjoint, then we refer to this family of curves C := {γt}t∈[0,1] as a strip of algebraic
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curves. A substrip of C is a family CJ of all curves γt with t ∈ J , where J is any closed interval
J ⊆ [0, 1] of positive length.
Lemma 3.3 (Strip lemma). Let L ⊂ Z2 be a set of integer points and Λ = affZ L the affine
lattice spanned by L. If there exists a strip of algebraic curves C such that every substrip CJ
contains infinitely many points from Λ ∩ L and infinitely many points from Λ \ L, then L is not
an R-semi-algebraic set of lattice points.
See Figure 1 for a visualization.
J
γ0
γ1
Figure 1. This sketch illustrates that for a semi-algebraic set L of lattice points
there cannot be an infinite sequence of lattice points in L, as well as not in L,
in every substrip between γ0 and γ1.
Proof. Assume that L is R-semi-algebraic, that is, there exists an R-semi-algebraic set S ⊂ R2
such that L = S ∩ Λ. The boundary of S is the intersection of the closure of S with the closure
of R2\S, bd(S) = S ∩R2\S. The Tarski–Seidenberg theorem yields that the closure of a semi-
algebraic set in Rd is again a semi-algebraic set [3, Prop. 3.1]. The boundary bd(S) is the
intersection of two semi-algebraic sets and hence itself a semi-algebraic set.
Any semi-algebraic set consists of finitely many connected components, all being semi-algebraic
[3, Thm. 5.19].
From this we want to derive that for any strip of algebraic curves C there exists a substrip
CJ of C such that for some n ≥ 0, all lattice points (a, b) ∈ Λ with a ≥ n in the substrip belong
entirely to L, or all of them do not belong to L.
Denote by β1, . . . , βm all those connected components of bd(S) that contain points (x, y) ∈ R2
with arbitrarily large x in a strip C. If such components do not exist, then either all points of
C ∩ Λ with sufficiently large x-coordinate (that is, all but finitely many of these points) lie in L,
or all of them do not lie in L.
The intersection of a semi-algebraic component βj and any semi-algebraic curve γt is again
semi-algebraic, so it consists of finitely many connected components. Thus for any given βj and
γt, βj has finitely many branches to infinity such that each branch eventually (for all sufficiently
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large x-coordinates) stays above γt, or below γt, or on γt. Thus by continued bisection we find
that there exists some value n′ ≥ 0 such that the restriction of each βj to x ≥ n′ has finitely
many components, each of which either lies on a curve γt, or it is a curvilinear asymptote to some
curve γt. Let the components of {(x, y) ∈ βj : x ≥ n′} be asymptotic to (or lie on) γt1 , . . . , γtk ,
with 0 ≤ t1 ≤ · · · ≤ tk ≤ 1, and let [δ0, δ1] ⊂ [0, 1] be an interval interval of positive length (that
is, with δ0 < δ1) that is disjoint from {0, t1, . . . , tk, 1}. Then there exists an n ≥ 0 such that
the lattice points (a, b) ∈ Λ with a ≥ n contained in the substrip obtained from [δ0, δ1] either all
belong to L or they all do not belong to L. 
4. Edge and ridge numbers of 4-polytopes
In this section we prove Theorem 1.3.
Theorem 4.1 (Barnette [1, Thm. 1], see also [13], with corrections). Let f1 and f2 positive
integers with f1 ≥ f2. Then there is a 4-polytope P with f1(P ) = f1 and f2(P ) = f2 if and only
if
f2 ≥ 12f1 +
⌈√
f1 +
9
4 +
1
2
⌉
+ 1,
f2 6= 12f1 +
√
f1 +
13
4 + 2,
and (f1, f2) is not one of the 13 pairs
(12, 12), (14, 13), (14, 14), (15, 15), (16, 15), (17, 16), (18, 16),
(18, 18), (20, 17), (21, 19), (23, 20), (24, 20), (26, 21).
The case when f1(P ) ≤ f2(P ) is given by duality. See Figure 2.
Now we show that there is no semi-algebraic description of the set of pairs (f1, f2) by proving
that the set
A :=
{
(x, y) ∈ Z2 : x ≥ 0, y ≥ x2 +
⌈√
x+ 94 +
1
2
⌉
+ 1
}
(1)
is not a semi-algebraic set of lattice points. See Figure 3.
The proof strategy is the following: In Lemma 4.2 we give an alternative description of the
set. In Lemma 4.3 we observe that our set has the property described in Lemma 3.3, which
implies that the set is not an R-semi-algebraic set of lattice points.
Lemma 4.2. Let x and y be nonnegative integers. Then
y ≥ x2 +
⌈√
x+ 94 +
1
2
⌉
+ 1 (2)
if and only if
y ≥ x2 +
√
x+ 94 + 2
or
y = x2 +
√
x+ 94 +
3
2 + r

(3)
for some r = i+ 12 −
√
(i+ 12 )
2 − 2j
with i, j ∈ Z, i ≥ 1, 0 ≤ j ≤ i.
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f1
f2
10 20 30 40
10
20
30
40
Figure 2. The set Π412 with the two strips that will play a crucial role in the
proof that the set is not semialgebraic, see Lemma 4.3 and its proof.
Proof. Let x, y ≥ 0 be integers. We consider three separate cases:
Case a : y > x2 +
√
x+ 94 +
5
2 ,
Case b : y = x2 +
√
x+ 94 +
3
2 + r for some r ∈ [0, 1], and
Case c : y < x2 +
√
x+ 94 +
3
2 .
In Case a the first part of condition (3) holds trivially. Since
y > x2 +
√
x+ 94 +
5
2 >
x
2 +
⌈√
x+ 94 +
1
2
⌉
+ 1,
condition (2) holds as well.
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10 20 30 40
10
20
30
Figure 3. The set A =
{
(x, y) ∈ Z2 : x ≥ 0, y ≥ x2 +
⌈√
x+ 94 +
1
2
⌉
+ 1
}
In Case c
y < x2 +
√
x+ 94 +
3
2 ≤ x2 +
⌈√
x+ 94 +
1
2
⌉
+ 1,
hence condition (2) is not satisfied. On the other hand, observe that r lies in the range from 0
to 1 in the second part of condition (3). This shows us that condition (3) is not satisfied either.
In Case b we prove the equivalence of condition (2) and (3) first for odd x, then for even x.
Let x be odd, y = x2 +
√
x+ 94 +
3
2 + r and r ∈ [0, 1]. Assume x = 2k+ 1 for some k ≥ 0. We
have √
2k + 134 = y − k − r − 2. (4)
Now
x
2 +
⌈√
x+ 94 +
1
2
⌉
+ 1 =
k +
⌈√
2k + 134 +
1
2
⌉
+ 32
(4)
=
k +
⌈
y − k − r − 32
⌉
+ 32 =
{
y + 12 if r ∈ [0, 12 [,
y − 12 if r ∈ [ 12 , 1].
This shows that condition (2) holds if and only if r ∈ [ 12 , 1].
For r ∈ [ 12 , 1] condition (3) is trivially satisfied. It remains to show that condition (3) does
not hold for r ∈ [0, 12 [. Assume by contradiction that condition (3) is satisfied for some x odd
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and r ∈ [0, 12 [. The first part of condition (3) does not hold. We will see that
r = i+ 12 −
√
(i+ 12 )
2 − 2j
with i ≥ 1 and 0 ≤ j ≤ i implies that x is even. Let
y = x2 +
√
x+ 94 +
3
2 + i+
1
2 −
√
(i+ 12 )
2 − 2j,
then
y − i− 2 = 12 (x+
√
4x+ 9−
√
4(i2 + i− 2j) + 1).
So
√
4x+ 9−√4(i2 + i− 2j) + 1 is an integer of the same parity as x.
Either 4x+ 9 = 4(i2 + i− 2j) + 1 or both √4x+ 9 and √4(i2 + i− 2j) + 1 are integers. To
see this, observe that if a, b ∈ Z, c ∈ Z 6=0, then
√
a−√b = c⇒ a−b−c22c =
√
b. This implies that√
b and hence
√
a is a rational number, and since a and b are integers,
√
a and
√
b are integers
as well.
In the first case, x is even. In the second case, if
√
4x+ 9 and
√
4(i2 + i− 2j) + 1 are integers,
then they are odd integers. In both cases x is an even integer, which contradicts the assumption.
Together, we obtain that conditions (2) and (3) are equivalent for odd x, for r ∈ [0, 1].
Let x now be even, x = 2k for some k ≥ 0, and y = x2 +
√
x+ 94 +
3
2 + r for some r ∈ [0, 1].
We have
y = x2 +
√
x+ 94 +
3
2 + r
> x2 +
⌈√
x+ 94 +
1
2
⌉
+ r
≥ x2 +
⌈√
x+ 94 +
1
2
⌉
.
Since x is even, this also shows that
y ≥ x2 +
⌈√
x+ 94 +
1
2
⌉
+ 1,
so condition (2) holds. To see that condition (3) holds, we show if x and y are integers such that
x = 2k for some k ≥ 0 and y = x2 +
√
x+ 94 +
3
2 + r for some r ∈ [0, 1], then r can be written as
r = i+ 12 −
√
(i+ 12 )
2 − 2j with integers i ≥ 1, 0 ≤ j ≤ i. For this, note that
r = y − k − 32 −
√
2k + 94 . (5)
Let i := y − k − 2 and j := y(y−3)2 + k(k+1)2 − yk. Then
r = i+ 12 −
√
(i+ 12 )
2 − 2j,
y = i(i+3)2 − j + 1, (6)
k = i(i+1)2 − j − 1. (7)
Thus we have that (y, k) ∈ Z2 if and only if (i, j) ∈ Z2. Observe that if y, k ≥ 0 and r ∈ [0, 1],
then by (5), y ≥ k + 3, so i ≥ 1. It follows that r ∈ [0, 1] if and only if 0 ≤ j ≤ i. On the other
hand, if i ≥ 1, j ≥ 0 and r ∈ [0, 1], then j ≤ i, so from (6) it follows that y ≥ 0 and from (7) it
follows that k ≥ 0 if i ≥ 2. If i = 1 and j = 0, then (y, k) = (3, 0). We exclude the special case
(i, j) = (1, 1), r = 1, (y, k) = (2,−1). This proves that y and k are non-negative integers with
r = y − k − 32 −
√
2k + 94 ∈ [0, 1]
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if and only if i and j are integers, (i, j) 6= (1, 1) with
i ≥ 1, 0 ≤ j ≤ i, r = i+ 12 −
√
(i+ 12 )
2 − 2j,
so condition (3) is satisfied as well. 
Lemma 4.3. For 0 ≤ r ≤ 1, let γr be the algebraic curve y = x2 +
√
x+ 94 +
3
2 + r, restricted
to x ≥ 0. To each curve γr0 with r0 ∈ [0, 12 ] ∩Q, there are two sequences of curves, γr1(n) and
γr2(n), such that |γr0 − γr1(n)| and |γr0 − γr2(n)| converge to 0. Each γr1(n) contains an integer
point
(
x1(n), y1(n)
)
from the set A defined by (1) with x1(n) → ∞ as n → ∞. Each γr2(n)
contains a point
(
x2(n), y2(n)
)
from Z2≥0\A with x2(n)→∞ as n→∞.
Proof. Let r0 ∈ [0, 12 [ be a rational number, r0 = pq , p, q ∈ Z≥0. Let i = nq, j = np for some
n ∈ Z≥0, r1(n) = i+ 12 −
√
(i+ 12 )
2 − 2j. Then i, j ∈ Z≥0, 0 ≤ j < i2 , r1(n) ∈ [0, 12 [, r1(n)− r0 →
0 as n → ∞. If n is an integer such that n ≥ 1q , then i ≥ 1 and 0 ≤ j ≤ i. Then, we have seen
in Lemma 4.2 that(
x1(n), y1(n)) := (nq(nq + 1)− 2np− 2, nq(nq+3)2 − np+ 1
)
is an integer point with r1(n) = y1− x12 − 32−
√
x1 +
9
4 ∈ [0, 12 [ as n→∞. The point (x1(n), y1(n))
satisfies
y1(n) ≥ x1(n)2 +
⌈√
x1(n) +
9
4 +
1
2
⌉
+ 1,
which means it belongs to the set A defined in (1), and x1(n)→∞ as n→∞.
Now let i′ = 2nq, j′ = 2np for some n ∈ Z≥0, r2(n) = i′ + 1 −
√
(i′)2 + 2i′ − 2j′ + 54 . Then
i′, j′ ∈ Z≥0, 0 ≤ j′ < i′2 and r2(n)− r0 → 0 as n→∞. The point(
x2(n), y2(n)) := (4n
2q2 + 4nq − 4np− 1, 2n2q2 + 4nq − 2np+ 2)
is an integer point with odd x2(n) and r2(n) = y2− x22 − 32 −
√
x2 +
9
4 ∈ [0, 12 [, where x2(n)→∞
as n→∞. From Lemma 4.2 it follows that
y2(n) <
x2(n)
2 +
⌈√
x2(n) +
9
4 +
1
2
⌉
+ 1,
hence the point (x2(n), y2(n)) does not belong to the set A. 
Theorem 4.4. The set
A :=
{
(x, y) ∈ Z2≥0 : y ≥ x2 +
⌈√
x+ 94 +
1
2
⌉
+ 1
}
is not an R-semi-algebraic set of lattice points.
Proof. It follows from the proof of Lemma 4.2 that A can be written as the disjoint union of the
sets A1 and A2, where
A1 :=
{
(x, y) ∈ Z2≥0 : y ≥ x2 +
√
x+ 94 + 2
}
and
A2 :=
{
(x, y) ∈ Z2≥0 : y = x2 +
√
x+ 94 +
3
2 + r, r ∈ [0, 12 [,
r = i+ 12 −
√
(i+ 12 )
2 − 2j
for some i, j ∈ Z≥0, i ≥ 1, 0 ≤ j ≤ i
}
.
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The affine lattice spanned by A is Λ = affZA = affZA1 = affZA2 = Z
2. The set A1 is the
intersection of Z2 with the semi-algebraic set
S1 := {(x, y) ∈ R2 : x, y ≥ 0, y ≤ x2 +
√
x+ 94 + 2}
= {(x, y) ∈ R2 : x, y ≥ 0, x24 + y2 − xy + x− 4y + 74 ≤ 0}.
If there were a semi-algebraic set S such that A = S ∩ Z2, then S2 := S\S1 would be a semi-
algebraic set and A2 = S2 ∩ Z2. We will show that there is no such semi-algebraic set S2 and
hence no semi-algebraic set S.
Let γr denote the curve y =
x
2 +
√
x+ 94 +
3
2 + r. For given r, y ≥ 0 and x ≥ r − 94 , γr is a
semi-algebraic set:
γr = {(x, y) ∈ R2 : x24 + y2 − xy + (r + 12 )x− (2r + 3)y + r(r + 3) = 0}.
Set A2 can now be written as
A2 =
{
(x, y) ∈ Z2≥0 ∩ γr : r ∈ [0, 12 [, r = i+ 12 −
√
(i+ 12 )
2 − 2j
for some i, j ∈ Z≥0, i ≥ 1, 1 ≤ j ≤ i
}
.
Consider an interval [r, r + ε] ⊂ [0, 12 ]. Take a rational r0 ∈ ]r, r + ε[. By Lemma 4.3, there exist
infinitely many integer points both from A2 and from R
2/A2 with arbitrarily high x-coefficient in
the interval [r, r+ε]. By Lemma 3.3, this implies that A2 and hence A cannot be the intersection
of Z2 with any semi-algebraic set. 
Theorem 4.4 implies Theorem 1.3: Π412 is not a semi-algebraic set of lattice points.
5. The set Fd for dimensions 6 and higher
In this section we prove Theorem 1.4. For this we need the notion of g-vectors of simplicial
polytopes: The g-vector g(P ) ∈ Zb d2 c+1 of a simplicial polytope is obtained from the f -vector
f(P ) with
gk =
k∑
i=0
(−1)k−i
(
d− i+ 1
d− k + 1
)
fi−1 for 0 ≥ k ≥ bd
2
c.
Definition 5.1. Let Gd denote the set of g-vectors of simplicial d-polytopes and let Gdij denote
the projection of the set of g-vectors of simplicial d-polytopes to the coordinates i and j,
Gdij :=
{
(gi(P ), gj(P )) : P is a simplicial d-polytope
}
.
Lemma 5.2. The set Gd23 is not an R-semi-algebraic set of lattice points for d ≥ 6.
Proof. The g-theorem (Billera & Lee [4] [5] and Stanley [22]) gives us
Gd23 =
{
(g2(P ), g3(P )) ∈ Z2 : g2, g3 ≥ 0, ∂3(g3) ≤ g2
}
.
Here,
∂3(g3) :=
(
n3 − 1
2
)
+ . . .+
(
ni − 1
i
)
where ni, . . . , n3 are the unique integers such that 1 ≤ i ≤ ni < . . . < n3 and
g3 =
(
n3
3
)
+ . . .+
(
ni
i
)
.
See Figure 4.
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Figure 4. The set Gd23, d ≥ 6
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The affine lattice is Λ = Z2. We show that this set is not an R-semi-algebraic set of lattice
points. We will do this by considering the strip between the curve
γ0 : g3 =
1
2g2 +
1
3g2
√
2g2 +
1
4
through the points (
(
k
2
)
,
(
k+1
3
)
) for k ∈ Z≥0, and the same curve, shifted by the vector (1, 1) ∈ R2,
γ1 : g3 =
1
2 (g2 − 1) + 13 (g2 − 1)
√
2(g2 − 1) + 14 + 1.
We look at the points with g2 =
(
k
2
)
and g2 =
(
k
2
)
+ 1 for any integer k ≥ 2. Observe that points
with g2 =
(
k
2
)
in the strip satisfy ∂3(g3) ≤ g2 and points with g2 =
(
k
2
)
+ 1 in the strip satisfy
∂3(g3) > g2. Additionally, if k →∞, the number of points with g2 =
(
k
2
)
and with g2 =
(
k
2
)
+ 1
in the strip goes to infinity. By Lemma 3.3 this implies that the strip, and hence the whole set
Gd23, is not a semi-algebraic set of lattice points. 
Now we are ready to prove Theorem 1.4:
Proof of Theorem 1.4. The projection set Gd23 is not semi-algebraic by Lemma 5.2. This projec-
tion appears in the restriction of the set Gd to g1 := g2 and gi := 0 for all 4 ≤ i ≤ bd2c. Therefore
Gd is not an R-semi-algebraic set of lattice points The transformation from the g-vector to the
f -vector is unimodular. Hence the set Fds of f -vectors of simplicial d-polytopes is not a semi-
algebraic set of lattice points, for any d ≥ 6. The set Fd of f -vectors of all d-polytopes is not a
semi-algebraic set of lattice points, because its restriction to 2fd−2 = dfd−1, the set of f -vectors
of simplicial polytopes, is not a semi-algebraic set of lattice points. 
Acknowledgements. Thanks to Isabella Novik and to an anonymous referee for insightful
comments.
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